JOURNAL OF APPROXIMATION THEORY 56, 217-224 (1989)

Lipschitzian Selections in Approximation
from Nonconvex Sets of Bounded Functions*

VASANT A. UBHAYA

Department of Computer Science and Operarions Research,
Division of Mathematical Sciences, North Daiota State University.
Fargo, North Dakota 38165. US.A.

Communicated by Frank Deutsch

Reccived Jannary 23, 1987

Consider the problem of finding a best uniform approximation tc a function f
from a nonconvex set K in thc space of bounded functions. Conditions are
developed on K so that the operator mapping / to one of its best approximations
/"1 Lipschitzian with some constant C and is optimal Lipschitzian, ie.. has the
smalles: C among all such operators. T 1989 Academic Press. Inc.

1. INTRODUCTION

Consider the space of bounded functions on a set .S with uniform norm
It-l. A best approximation to a function f from a nonconvex set K in this
space is not unique in general. An operator 7: f — f', where [’ is a best
approximation to f, is a Lipschitzian selection oprator if ||/ —/#'| <
C(T) | f— A for all f, h and some least number C(T'). Such an operator is
optimal if C(7)< C(T") for all such Lipschitzian 7’ mapping each f to one
of its best approximations. In this article, conditions are developed in some
generality on the approximating set K so that Lipschitzian operators,
optimal or otherwise, can be identified and their uniqueness determined.
Concepts of epigraphic sets and maps are introduced and used in analysis.
The problem considered is conceptually similar to the well-known probiem
of finding continuous selections.

Let S be any set and B denote the Banach space of bounded functions [
on S with uniform norm | fI| =sup{|f(s)|:s€ S}. Let K< B be a nonempty
and nonconvex (i.e., not necessarily convex) set. Given an f in 8, let 4(f)
denote the infimum of || /— k| for k in K. The problem is to find an /" in £,
called a best approximation to f from K, so that

A )=IIf = fI=inf{|f—kl: ke K} {11
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In general, A, the set of all best approximations to f, is not singleton. A
Lipschitzian selection operator (LSO) T is a nonlinear operator which
maps each f in B to an f’ in A, and satisfies, for some least number C(T),

IT(f)— T < T | f = A,

for all £, hin B. T is an optimal Lipschitzian selection operator (OLSO) if
C(T)y< C(T") for all LSOs T". In this article we obtain conditions on K so
that LSOs and OLSOs can be identified. ,

We now state three conditions on K; not all conditions will be imposed
in every case under consideration.

(i} If ke K then k+ ce K for all real c.

(1) If K'<K is a set of functions uniformly bounded above on S,
then the function &', which is the pointwise supremum of functions in K’, is
in K.

(iii) If K'< K is a set of functions uniformly bounded below on S,
then the function &', which is the pointwise infimum of functions in K, is
in K.

We now summarize our results and method of analysis. In Section 3,
under conditions (i) and (ii) on K, we identify an LSO T with C(T)=2. A
symmetric result holds when conditions (i) and (iii) hold for K. If K
satisfies all three conditions and K is convex, then an LSO T is identified
with C(T,)=1+|24—1| for each 0< A< 1. In particular, when A=1, the
corresponding T= T, is an OLSO with C(T)= 1. Another problem is also
analyzed in Section 3. Given f in B, let K;={keK:k<f} and 4(f)
denote the infimum of | f—k|| for k in K. The problem is to find an /' in
K, so that

A(fy=If — £ =inf{llf — kll: k e Ky}. (1.2)

Under conditions (i) and (ii) on K for the above problem, we identify an
OLSO T with C(T)=1 and show that it is unique. A symmetric result
holds for a problem symmetric to (1.2) when K satisfies (i) and (iii). For
the purpose of analysis, we introduce epigraphic sets and maps in Sec-
tion 2. A set U< 8 x R is called epigraphic if the projection of U on S is S
and the function f on § defined by f(s)=inf{x: (s, x) e U}, where se S, is
in B. An epigraphic map has epigraphic sets for its domain and range. We
define an epigraphic map 4 and a Hausdorff metric like function 4 on
the subsets of Sx R so that 4 is nonexpansive with respect to d. These
mappings play a key role in analysis.

Conditions (i) and (ii) hold, for example, for convex and quasi-convex
functions in B. The latter functions are those that satisfy k(ds+ (1 —1)1) <
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max{k(s), k(¢)} for all s, r in a convex set S< R, all 0 < i< 1 [5]. All three
conditions hold, for example, for monotone nondecreasing and, more
generally, isotone functions on a partially ordered set. The problem of
finding continuous selections has generated much interest in the literature.
For surveys see [1, 2, 9]. However, not much is known about Lipschitzian
selections; some references appear in the above mentioned surveys. OLSOs
are identified in [7, 8] for the problem of approximation by quasi-convex
and convex functions, and generalized isotone optimization. The results of
this article are extended to the space of continuous functions in [9].

2. EPIGRAPHIC SETS AND MAPS

In this section we derive some key results concerning epigraphic maps.

For f in B define K,={keK:k<f} and K,={keK:k>f}. We
observe that if K satisfies condition (i), then X, and K are not empty.
Indeed, if ge K and d=|g—f], then g+6>f>g—35 Hence g—dek.
and g+9J e K. Now, for fin B, let »

fis)=sup{k(s): ke K,}. seS,
and
fis)=inf{k(s): ke K}}, ses.

Note that f and f are in K if K satisfies, respectively, conditions (i) and
(iii). Clearly, f<f < f The functions f and f are called, respectively, the
greatest K-minorant and the smallest K-majorant of 7. Note that —f is the
greatest — K-minorant of —f. These functions are used for identifying best
approximations in Section 3 and defining epigraphic maps below,

We denote the elements of Sx R by (s, x), (s, y) where 5,reS ard
x.y€ R For any f in B, let E(f) denote the epigraph of f [53, 6], viz,

E(f)={(s,x)eSxR:x=f(s)}.

Motivated by this definition, we call U< S x R epigraphic if {5: (s, x}e U}
= S and the function f defined by f(s)=inf{x: (s, x)e U}, s€ §, isin B. In
this case, we say that U generates f. We are only concerned with the
behavior of U at its “lower boundary.” Note that E(f)} is epigraphic and
generates f. An epigraphic map is defined to be a map whose domain and
range are epigraphic subsets of Sx R. Assuming K satisfies conditions (i}
and (ii), which ensures existence of f for any f in B, we now define an
epigraphic map 4 as follows: If U is epigraphic and generates f, then
A(U)= E(f). To investigate properties of 4, we define a function 4.
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Let u= (s, x) and v= (¢, y) be clements of Sx R, and let
d'(u,v)y=|x—yl, if s=1t,
= oo, otherwise.
Let U= Sx R, r=0, and define
B,(U)y={ueSxR:inf{d'(u,v):ve U} <r}.
Analogous to the Hausdorff metric [3], define
d(U, Vy=inf{r: Uc B(V) and V< B,(U)},
where U, V= Sx R. Clearly, 0<d< o0. The function ¢ was also used in
[8]. It is easy to see that f, he B, then
d(E(f), E(h))=|f—hl (2.1)
and

d(A(E(f)), A(E(h))) =] —hl. (22)

Note that if U is epigraphic and generates f, then B (U) is epigraphic and
generates ' — r. The following lemma gives properties of A4.
LEMMA 2.1. Let U and V be epigraphic sets.

(a) IfUcV then A(U)< A(V).
(b) A(B.(U))=B,(A(V)).

Proof. Let U and V generate f and 4, respectively. Then f > h. Hence,
f=h and (a) follows. To establish (b), we note that both sides of (b) equal
E(f —r). The proof is complete.

PROPOSITION 2.1. A is nonexpansive with respect to d, i.e.,
d(A(U), A(V))<d(U, V)

holds for all epigraphic sets U and V.
Proof. 1fr=0, Uc B,(V), and V< B,(U), then by Lemma 2.1 we have

A(U) = A(B(V)) = B.(A(V)).

Similarly, A4(V)< B,(A(U)). From the definition of d, the required
conclusion follows. The proof is complete.
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The following is an application of the above proposition.

ProposSITION 2.2. If K satisfies conditions {i) and (i) then
|f — Al < ILf — &l for all f. h in B. Similarly, if K satisfies (i) and (iil), then
LAl <Ilf = Al

Proof. If K satisfies (i) and (ii), then f exisis for each f and the
epigraphic map A is well defined. Proposition 2.1 with U= E{f}, V= E{h},
and (2.1), (2.2) establish the first inequality of the proposition. If X satisfies
(1) and (iii), then —K satisfies (i) and (ii). Again, —f is the greatest
— K-minorant of —f. Thus, the second inequality follows from the first by
substituting —f and —f for f and f. respectively. The proof is complete.

3. LIpSCHITZIAN SELECTIONS
In this section we present our main results. An f' in K is the maximal

{minimal) best approximation to f if f'2g (f'<g) for all best
approximations g to f. We state two theorems.

THEOREM 3.1.  The following applies to Problem (1.1).

{a} K nonconvex. If K satisfies conditions (i) and (i1}, then
Af)y=31f—Fl (3.1}

and f' = f+ A(f) is the maximal best approximation to f. Furthermore if f.
he B, then

If" =HI<If=hl, i (/)= 4(h)

o
b

and

I/ A1 <20/ Al (3.3)

The operator T:B— K defined by T(f)=f" is a Lipschitzian selection
operator with C(T)=2.

(b} K noncovex. If K satisfies conditions (i} and (iil}, then (a) holds
with f replaced by [ and f'=f—A(f), which is the minimal bes:
approximation to f.

{c) K convex. If K satisfies conditions (i), (ii), and (iii}, then

™

A )= 1= Fi=21f—fi 3.
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and f+ A(f)f—A4( f)) is the maximal (minimal) best approximation to .
Furthermore, a g in K is a best approximation to f if and only if f — A(f) <
g<f+4(f). Hence,

['=+A=Df+2i-1)4(f), 0<i<],
is a best approximation to f. For all f, he B, (3.2) holds for this f' and
I/ =hrl<(+2A=-1) Ilf=hl, O0<i<L (3.5)

The operator T;: B— K defined by T,(f)=f" is a Lipschitzian selection
operator with C(T;)=1+ |24 —1|. When A=1, the operator T= T, defined
by T(f)=f'=3(f+[) is an optimal Lipschitzian selection operator with
C(T)=1.

THEOREM 3.2. The following applies to Problem (1.2) for a nonconvex K.
If K satisfies conditions (i) and (il), then [ is the maximal best
approximation to f and A(f)=|f—Ffll=24(f). The operator T: B— K
defined by T(f)= f is the unique optimal Lipschitzian selection operator with
C(T)= 1L

It is easy to verify that for all Lipschitzian operators obtained in the
above two theorems we have T(f+c)=T(f)+c for all real c. Further-
more, if K is a cone (i.e., 4f € K whenever f e K, 412 0), then T(Af)=AT(f),
42=0. Now, we state a proposition which is used in the proof of the above
theorems.

ProrosiTioN 3.1. The following applies to Problem (1.1) for a non-
convex K.

(a) If K satisfies conditions (i) and (ii), then (3.1) holds and
f'=F+A(f) is the maximal best approximation to f.

(b) If K satisfies conditions (1) and (iii), then (3.1) holds with f
replaced by f and f' = f— A(f) is the minimal best approximation to f.

Proof. Proof of part (a) is identical to that of [8, Proposition 2.1],
however, we give it for the convenience of the reader. Let ge K and
go=g—|f—gl. Then g,e K by condition (i) and f>g,. Consequently,
=7 > g, which gives f—/<f—g+If—gl or |f=7I2<If—g| for
all gin K Thus ||f = fI1/2<4(f). If f'=F+|lf— fll/2 then f’ € K by con-
dition (i). It is easy to verify that ||/ — f'|| < | f— fll/2. Hence (3.1) follows
and f' is a best approximation to f. If g is any best approximation, then
f=g—A4(f), which is in K. Hence, f> f=g— 4(f) which gives f'>g.
Thus, f’ is the maximal best approximation. Part (b) may be established
by symmetric arguments. The proof is complete.
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Before proceeding to the proofs of the theorems, we observe that
[4,p. 177 1if f, he B, then

A= Ah) < |If — Al {3.6)

Proof of Theorem 3.1. (a) By Proposition 3.1, f'=7+A4{f) is the
maximal best approximation to f. Hence,

1" =B I < f—All +14(f) — 4(A)],

which, together with Proposition 2.2, establishes (3.2). Again, the above
inequality, (3.6), and Proposition 2.2 establish (3.3). By (3.3). C{T1<2. To
show C{T)=2, let §=1[0, 1] and let K be the set of all convex functions
on §. Let f(0)j= —1, f(s)=1o0on (0,17}, and 2=0 on 5. Then f'(s)=72s,
h'=0, |f"—HhI|=2, and | f—hll=1. Hence C{T}=2.

(b} Proof of this part is similar to that of (aj.

(c) The assertions concerning [ +A4(f), f—A4(f) and the validity
of {3.4) follow from (a) and (b). Since X is comvex, A(f-+4{f})+
(L —AXf—4(f)), which equals /", is a best approximation. Now

If' =HI<ANf=hl+(L=2) | f =Bl + 24— |A(f) = 4(h)\.

This inequality, (3.6), and Proposition 2.2 establish (3.2} and (3.5). Now
CT)<!I+|24—1]. Let S=[0, 1] and let X be the set of all nondecreas-
ing functions on S. Let f{(s)= —1 for s=0. 1, and f(s) =1, otherwise. Also
et #=0 on §. Using functions f and A, one may easily show that equality
holds in (3.5) for all 0<A< . Hence C(T,)=1+{24—1]. This example
appears in [7. p.217]. It remains to show that 7 is an OLSOG. Clearly
C(IN<1l. Let feKand h= f— ¢ where ¢ >0. Then he K. If T’ is any LSQ,
then 7'(f)=f and T'(h)=4A. Since

I7°(f) =TI < (T L f = Al

we have C(7'}>= 1. Hence C(T)=1 is the minimum value of C(7) for all
T'. Thus T is an OLSO. The proof is now complete.

Proof of Theorem 3.2. The assertions concerning f/ and A{f) follow
immediately from the definition of f and (3.1). If f, he B, then by
Proposition 2.2, we have |f—#a| <||f—#4ll. Consequently C{T)<1. To
show Tis an OLSO, let fe K and h=f—c¢ where ¢>0. If T’ is any LSC
then T'(f)}=f and 7'(h)=h. Then, as in the proof-of Theorem 3.1{(c), we
have C(T')>= 1. Hence T is an OLSO. To show uniqueness of T, let 7" be
any OLSO and feB. We show that T'(f)=f. Let T'{f)=f". Since f is
the maximal best approximation to f, we have /" < f. Let A= f+ ¢ where
c=lf—fl. Then 0<h—f<h—f=c Also heK and hence T'{h)=#h
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Si

nce 7' is an OLSO we have |T'(h)—T'(f) <|lh—f]| which gives

If+c—f'<ec It follows from f'<f that f'=f The proof is now
complete.

ra

10.

REFERENCES

. F. DEUTsCH, A survey of metric selections, Contemp. Math. 18 (1983), 49-71.

. F. DeurscH, An exposition of recent results on continuous metric selections, in
“Numerical Methods of Approximation Theory,” (L. Collatz, G. Meinardus, and
G. Niirnberger, Eds.), ISNM, 81, Birkhaiiser Verlag, Basel, 1987, pp. 67-79.

. J.L. KeLiEy, “General Topology,” Van Nostrand, Princeton, NJ, 1955.

. N. P. KornEeicHUK, “Extremal Problems in Approximation Theory,” Nauka, Moscow,
1976.

. A. W. ROBERTS AND D. E. VARBERG, “Convex Functions,” Academic Press, New York,
1973.

. R. T. ROCKAFELLAR, “Convex Analysis,” Princeton Univ. Press, Princeton, NJ, 1970.

. V. A. UBHAYA, Lipschitz condition in minimum norm problems on bounded functions,
J. Approx. Theory 45 (1985), 201-218.

. V. A. UBHAYA, Uniform approximation by quasi-convex and convex functions, J. Approx.
Theory 55 (1988), 326-336.

. V. A. UBHAYA, Lipschitzian selections in best approximation by continuous functions,

J. Approx. Theory, in press.

D. Yost, Best approximation operators in functional analysis, Proc. Centre Math. Anal.

Austral. Nat. Univ. 8 (1984), 249-270.



